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Contractor renormalization group theory of the SU(N) chains and ladders
Peng Li and Shun-Qing Shen
Department of Physics, The University of Hong Kong, Pokfulam Road, Hong Kong, China
(Dated: November 2, 2018)
Contractor renormalization group (CORE) method is applied to the SU(N) chain and ladders in
this paper. In our designed schemes, we show that these two classes of systems can return to their
original form of Hamiltonian after CORE transformation. Successive iteration of the transformation
leads to a fixed point so that the ground state energy and the energy gap to the ground state can
be deduced. The result of SU(N) chain is compared with the one by Bethe ansatz method. The
transformation on spin-1/2 ladders gives a finite gap in the excited energy spectra to the ground
state in an intuitive way. The application to SU(3) ladders is also discussed.
PACS numbers: 75.10.Pq, 64.60.Ak, 05.50.+q
The contractor renormalization (CORE) group
method combines the contraction and cluster expansion
techniques with the real space renormalization group ap-
proach to solve the electron and spin lattice problems.1 It
was first applied to spin-1/2 Heisenberg chain and (1+1)-
dimensional Ising model, and later to the frustrated
antiferromagnets and the Haldane conjecture. The
results are satisfactory and encouraging.1,2 Since then
the method has been applied to investigate low energy
physics in many strongly correlated systems.3,4,5,6,7,8
In this paper, we are concerned with a class of models
showing that CORE is at its critical point, which means
that the symmetry of the system is restored or the
same form of Hamiltonian is reconstructed after the
CORE transformation, just like the spin-1/2 Heisenberg
chain.1 Undoubtedly, this method is not limited to such
a kind of systems. Though in many systems the original
Hamiltonian cannot be recovered, the lower energy
physics are retained and studied successively after the
truncation and transformation.
We consider the SU(N) chain and ladders in this work.
We show that the same form of the Hamiltonian is recov-
ered after dividing adequately the lattice into blocks and
defining a truncation scheme, so that the CORE algo-
rithm can be done recursively. The range-2 result for
SU(N) chain is compared with the Bethe ansatz solu-
tion by Sutherland.9 The comparison suggests that the
CORE method can give good result especially for large
N and relatively larger blocks. We also present the re-
sults of the real-space renormalization group (RG) the-
ory, which usually agrees qualitatively with the one by
range-2 CORE calculation.2 In many cases the latter can
be regarded as a refined method on the former. The
spin-1/2 ladders have attracted a lot of attention since
the discovery of a finite spin gap in the 2-leg ladders.10,11
Another CORE scheme based on plaquette-dividing of
the ladder had been applied to this system.7,12 Here we
shall use a different scheme which shows a S = 1 magnon
gap in an intuitive way. Results up to range-3 are pre-
sented.
It was shown by Morningstar and Weinstein that the
CORE scheme of three-site block partition and two-state
truncation on SU(2) chain recover the original form of
Hamiltonian. Then the resulting effective Hamiltonian
can be solved iteratively and a quite satisfactory result
can be obtained.1 The recovery of the form of the Hamil-
tonian owes highly to the SU(2) symmetry and an ade-
quate designed CORE scheme. As a generalization, we
found that their CORE scheme on SU(2) chain is a spec-
iman picked out from a general CORE scheme on the
SU(N) chain. Though the SU(N) chain had been ex-
actly solved by Bethe ansatz method long time ago,9 it
is still instructive to see how CORE works in the system.
Let us start with a one-dimensional SU(N) chain in
terms of the exchange operator, H = J
∑
j Pj,j+1. Here
we limit our discussion to the antiferromagnetic case by
setting J = 1 > 0. For a SU(N) system each site j has
N quantum states |j, α〉 with (α = 1, 2, · · · , N). The ex-
change operator Pj,j+1 swaps two states on sites j and
j + 1, i.e. Pj,j+1|j, α; j + 1, β〉 = |j, β; j + 1, α〉. Usually
Pj,j+1 can be expressed in terms of the SU(N) genera-
tors as Pj,j+1 =
∑
αβ J
α
β (j)J
β
α (j + 1), where the opera-
tors Jαβ (j) satisfy the SU(N) algebra
[
Jαβ (j), J
µ
ν (j′)
]
=
δjj′
(
δαν J
µ
β (j)− δ
µ
βJ
α
ν (j)
)
. Alternatively, Pj,j+1 can also
be expressed by spin operators.13,14 Many spin systems
as well as spin-obital systems concerning SU(N) symme-
try have been studied extensively.15,16,17,18,19
In the CORE scheme, the first step is to divide the
original chain into a chain of blocks and retain adequate
number of energy levels in each block. We found two
obvious schemes to be readily applied to this system:
one is (N − 1)-site block patition with N -state trun-
cation (scheme A), and the other is (N + 1)-site block
patition with N -state truncation (scheme B). The treat-
ment on SU(2) case in Ref.1 obviously falls into the
scheme B with Pj,j+1 = 2Sj · Sj+1 + 1/2 when N = 2.
We will see the scheme B gives better results than the
scheme A. The existence of the two schemes can be un-
derstood from the single column Young tableaux with
(N − 1) or (N + 1) boxes. In fact the SU(N) model
on both (N − 1)-site block and (N + 1)-site block have
one unique N -dimensional ground state space. We de-
note the truncated space for a single block by Φj =
{|φj,1〉 , |φj,2〉 , · · · , |φj,N 〉}. Then in the range-2 CORE
2Scheme A RG Range-2 CORE
N C− K− C− K−
3 3
4
1
4
1.0731 0.3411
4 16
9
1
9
2.2485 0.1787
5 45
16
1
16
3.3762 0.1112
Scheme B RG Range-2 CORE
N C+ K+ C+ K+
2 13
18
4
9
0.9956 0.4916
3 2.1693 0.2654 2.5982 0.3084
4 3.4111 0.1728 3.9432 0.2089
TABLE I: The coefficients C∓ and K∓ in Eq. (1)
calculation, we should retain appropriate N2 low levels
from the exact diagonalization of two blocks. All the re-
tained low levels should have nonzero projection to the
product space Φj ⊗ Φj+1, so the eligible levels are not
always the lowest ones. Fortunately this job is easy to be
done due to the SU(N) symmetry. The range-2 CORE
calculation leads to the effective Hamiltonian,
H(2) =
1
N ∓ 1
∑
j
(−C∓ +K∓P˜j,j+1), (1)
where the sign ∓ corresponds to the two schemes A (−)
and B (+), P˜j,j+1 is a ”new” renormalized exchange op-
erator connecting blocks j and j + 1 after each block
”contracts” to a single site. The coefficients C∓ and K∓
are listed in Table I. It can be confirmed the range-
3 Hamiltonian will include another operator P˜j,j+2 and
the range-4 Hamiltonian will include more operators like
P˜j,j+3, P˜j,j+1P˜j+2,j+3, P˜j,j+2P˜j+1,j+3, P˜j,j+3P˜j+1,j+2.
Here we only give the range-2 results since higher range
calculation will not change the physics. For the scheme
A and B, we give the results for N = 3, 4, 5 and 2, 3, 4
respectively.
Successive application of CORE on Eq. (1) will lead
the running coupling approaching a gapless fixed point.
And no phase transition is observed. The ground energy
is read out as
E0 = −
C∓
(N ∓ 1)−K∓
. (2)
where the sign ∓ corresponds to the two schemes. Fig. 1
shows that the result of the range-2 CORE of the scheme
B agrees quite well with the one by Bethe ansatz method.
The numerical error can be reduced by higher range cal-
culation. The range-4 result for N = 2 by Weistein shows
the error is reduced to −0.0025.2
In fact the traditional RG gives an effecive Hamiltonian
having the same form of Eq. (1). It can produce results
consistent with CORE though not so good.2 The two
schemes above are still applicable and the corresponding
coefficients can be found in Table I. The advantages of
CORE are obvious. In many cases one can design more
flexible schemes in CORE while selecting basic blocks and
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FIG. 1: (Color online) The ground energy of SU(N) chain.
The scheme B of CORE gives better results and the numer-
ical errors are about −0.0106,−0.0006, 0.0021 for N = 2, 3, 4
respectively compared to the results by Bethe ansatz9.
truncating at low levels.3,4,5,6,7,8 A more careful analy-
sis shows that RG based on (N − 1)-site block partition
scheme (scheme A) can give an effective Hamiltonian for
general N ,
HRG =
1
N − 1
∑
j
[
−
N(N − 2)2
(N − 1)2
+
1
(N − 1)2
P˜j,j+1
]
,
(3)
which exhibits a ground energy coinciding with the one
by Bethe ansatz method at large N , E0 = −N(N −
2)/(N2 −N + 1)
N→∞
−→ −1.
The 2-leg spin-1/2 ladders aroussed a lot of attention
when a finite spin gap was observed.11 A simple picture
says that the ground state is a product state with the
spins on each rung forming a spin singlet. Then the low-
est energy excitation is a S = 1 magnon. Here we show
that our scheme of CORE produces exactly the same
picture and refined results can be achieved following the
CORE algorithm. We start from the Hamiltonian,
H =
∑
j
[
(SAj · S
A
j+1 + S
B
j · S
B
j+1) + α S
A
j · S
B
j
]
, (4)
where the indices A and B refer to the two rails of the
ladders, α = Jrung/Jrail is the ratio between the rung and
rails couplings, and we have set Jrail = 1.
Our first step is to divide the ladder into triads along
the rail direction (Fig. 2(a)). The problem on the rail di-
rection is just the SU(2) chain that had been solved. De-
tailed calculation shows that the effective interaction be-
tween the two blocks along the rung can also recover the
Heisenberg interaction. Thus ”new” ladders with renor-
malized couplings can be obtained. The second step is
to parse out the effective block-block interactions from
all possible configurations of connected blocks. As de-
fined by Morningstar and Weinstein, r connected blocks
contain range-r′ interactions with r′ = 0, 1, · · · , r (r′ = 0
3FIG. 2: (Color online) (a) 2-leg ladders. The basic blocks
are triads along the rail direction. The fixed point is a chain
of decoupled dimers. (b) The unsymmetric configuration of
blocks involved in range-3 CORE calculation.
corresponds to the constant term as in Eq. (5)). To parse
out all range interactions the exact diagonalization is em-
ployed on the connected blocks. We present range-2 and
range-3 results here. It is notable that the range-3 blocks
should include a configuration in Fig. 2(b). This unsym-
metric configuration may make the iteration procedure
more troublesome.
The range-2 CORE result simply regains the original
form of Hamiltonian except for a constant term,
H(2) =
1
3
∑
j
[−C(α)+δ (S˜Aj ·S˜
A
j+1+S˜
B
j ·S˜
B
j+1)+Λ(α) S˜
A
j ·S˜
B
j ],
(5)
where δ = 0.491582, C(α) and Λ(α) vary with α. The
iteration on the range-2 effective Hamiltonian is always
applicable because the retained four low levels are al-
ways one spin singlet and three spin triplets just like
the SU(2) chain case. After n steps of iteration on
Eq. (5) we will get running coupling terms as hn =
δn(S˜
A
j · S˜
A
j+1 + S˜
B
j · S˜
B
j+1) + Λn(α) S˜
A
j · S˜
B
j , where the
coefficients are determined recursively, δn = δ
n,Λn(α) =
δn−1 Λ(Λn−1(α)
δn−1
), · · · · · · ,Λ2(α) = δ Λ(
Λ(α)
δ
),Λ1(α) =
Λ(α),Λ0(α) = α. So the rail coupling approaches zero
δn → 0 as n → ∞, while the rung coupling goes to
a fixed value Λn→∞(α) 6= 0 for α > 0 (we observed
that Λn→∞(α) → 0 only when α = 0, which is in agree-
ment with the conclusion drawn by DMRG10,20 and ex-
act diagonalization21). So the system flows to a fixed
point exhibiting dimer covering on each rung of the lad-
der. The spin gap is read out as ∆s(α) = Λn→∞(α). The
ground energy E0 is obtained by cumulating the constant
term. Table II gives an example of iterations procedure
for α = 1.
The range-3 CORE result at the first run of iteration
contains the next-nearest-neighbour interactions,
H(3) =
1
3
∑
j
[−C(α) + δ(α) (S˜Aj · S˜
A
j+1 + S˜
B
j · S˜
B
j+1)
+Λ(α) S˜Aj · S˜
B
j +Ω(α) (S˜
A
j · S˜
B
j+1 + S˜
B
j · S˜
A
j+1)
+γ (S˜Aj · S˜
A
j+2 + S˜
B
j · S˜
B
j+2)], (6)
where C(α), δ(α) and Λ(α) are different from the ones in
Eq. (5), γ = 0.033975. γ will vary with α in the suc-
cessive iterations , γn = γn(α), · · · , γ1 = γ. After n-step
n E0 δn Λn(α)
0 0 1.0 1.0
1 −0.460796 0.491582 0.81919
2 −0.558041 0.241653 0.64499
5 −0.587214 0.028706 0.420144
10 −0.587867 0.000824 0.382715
15 −0.587869 0.000024 0.381603
20 −0.587869 6.7907 × 10−7 0.381571
21 −0.587869 3.3382 × 10−7 0.38157
22 −0.587869 1.641 × 10−7 0.38157
TABLE II: An example of the range-2 CORE iteration pro-
cedure at α = 1.
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FIG. 3: (Color online) The ground energy and the gap for the
spin-1/2 2-leg ladder. The log-log plot shows that CORE and
RG give correct gap in strong coupling limit α → ∞. Data
by other methods are adapted from Ref.11,23,24,25.
iterations, we found that the only nonvanishing coupling
is still the interaction along the rung Λn→∞(α) 6= 0, so
the physical picture obtained by the range-2 CORE does
not change, i.e. the ground energy and the spin gap are
produced in the same way.
As we noted above, the unsymmetric configuration of
blocks in Fig. 2(b) brings some troubles to the range-3
CORE iteration. Unlike the SU(2) chain, the desired low
levels may not always stay at the lowest positions during
the iterations. And sometimes it is hard to select out the
eligible set of levels from several possible candidates since
each of them will lead to a recovered SU(2) symmetry.
So different iteration procedures with different results are
inevitable. When these situations take place, we resort to
the principle: retaining the iteration procedure that gives
the lowest energy,22 although in our observations the val-
ues of the results only have small difference. The range-2
and range-3 CORE results for the ground state energy
and the spin gap are illustrated in Fig. 3. For a com-
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FIG. 4: (Color online) The ground energy of the 2-leg SU(3)
ladders. The insets (a),(b) and (c) show the schemes used in
the calculation .
parison, data by other methods11,23,24,25 are presented
together. The ground energy agrees well with those by
other methods in the whole range of interchain coupling
α. This means that CORE algrithm can successively cap-
ture the low energy physics of the system. The gap has
relatively larger deviation at intermediate values of α.
Nevertheless the discrepancy can be remedied through
higher range CORE calculation. The range-3 gap is a
little zigzag. This may be due to the unsymmetric con-
figuration of range-3 blocks in Fig. 2(b). It is noteworthy
that RG gives a gap simply as ∆RGs = α, which captures
the correct behaviour of the gap at strong coupling limit
α→∞.11
We also applied CORE to the 2-leg SU(3) ladders, H =∑
j [(Pj,A;j+1,A + Pj,B;j+1,B) + α Pj,A;j,B]. The applica-
ble schemes are presented in Fig. 4(a), (b) and (c). No-
tice that all blocks are equivalent and a 3-state truncation
is made in each scheme. The scheme (a) should be valid
when the rung interaction α is large enough. While for
small α, the schemes (a) (α < 1.0) and (b) (α < 1.58)
are appropriate and scheme (b) is better than (a). All
the three schemes lead to the fixed point with zero gap.
We see that scheme (a) will be mapped to a SU(3) chain,
which had been solved previously and gives a zero gap.
And after the first mapping we applied 4-site block par-
tition scheme on the chain in the successive iteration
steps to produce the ground energy in Fig. 4. While
scheme (b) and (c) will return to a new 2-leg SU(3) lad-
ders, hn = δn(Pj,A;j+1,A + Pj,B;j+1,B) + Λn(α) Pj,A;j,B,
but we observed that the running couplings of the rail
direction δn and the rung direction Λn will go to in-
finitesimals of the same order26 as we push the iteration
steps to infinity, n → ∞, so a gapless phase is also ob-
tained, which agrees with the result of scheme (a). The
SU(3) model on 4-leg ladders can be analyzed in similar
schemes and a gapless result is also expected. The result
is reminiscent of the SU(2) model on a chain and on a
3-leg ladders, which are also gapless. But unfortunately
the above schemes or their analogues are not applicable
for the 2-leg SU(4) ladders, which exhibites plaquette
singlet-multiplet excitation.18,23,27 One may have to re-
sort to other kind of schemes.
In conclusion, we have studied the SU(N) chain and
ladders by the CORE schemes. We have shown that the
effective Hamiltonian in the appropriate CORE schemes
can regain its original form such that it approaches a fixed
point by iteration of the CORE schemes. The ground
state energy and the lowest excitations can be deduced
from the fixed point. The results show that the SU(N)
chain and the 2-leg SU(3) ladders are gapless, while the
2-leg spin-1/2 ladder exhibites gapped phase originated
from the rung dimmerization.
This work was supported by the Research Grant Coun-
cil of Hong Kong under the project No. HKU7038/04P.
1 C. J. Morningstar and M. Weinstein, Phys. Rev. Lett. 73,
1873 (1994); Phys. Rev. D 54, 4131(1996).
2 M. Weinstein, Phys. Rev. D 61, 034505 (2000); Phys. Rev.
B 63, 174421 (2001).
3 E. Altman and A. Auerbach,Phys. Rev. B 65, 104508
(2002).
4 S. Capponi and D. Poilblanc, Phys. Rev. B 66, 180503
(2002).
5 E. Berg, E. Altman and A. Auerbach, Phys. Rev. Lett. 90,
147204(2003).
6 D. Poilblanc, D. J. Scalapino, and S. Capponi, Phys. Rev.
Lett. 91, 137203 (2003).
7 S. Capponi, A. Lauchli, and M. Mambrini, Phys. Rev. B
70, 104424 (2004).
8 R. Budnik and A. Auerbach, Phys. Rev. Lett. 93,187205
(2004).
9 B. Sutherland, Phys. Rev. B 12, 3795 (1975).
10 E. Dagotto, J. Riera and D. J. Scalapino, Phys. Rev. B 45,
5744 (1992).
11 E. Dagotto, T. M. Rice, Science 271, 618 (1996).
12 J. Piekarewicz and J. R. Shepard, Phys. Rev. B 57, 10260
(1998); ibid. 60, 9456 (1999).
13 E. Schro¨dinger, Proc. R. Ir. Acad. Sect. A 47, 39 (1941).
14 P. Li and S. Q. Shen, New J. Phys. 6, 160 (2004).
15 D. P. Arovas and A. Auerbach, Phys. Rev. B 38, 316
(1988).
16 N. Read and S. Sachdev, Phys. Rev. B 42, 4568 (1990).
17 Y. Q. Li, M. Ma, D. N. Shi and F. C. Zhang, Phys. Rev.
Lett. 81, 3527 (1998).
18 S. Q. Shen, Phys. Rev. B 66, 214516 (2002); ibid. 64,
132411 (2001).
19 K. Penc, M. Mambrini, P. Fazekas and F. Mila, Phys. Rev.
B 68, 012408 (2003).
20 O. Legeza, G. Fath, and J. Solyom, Phys. Rev. B 55,291
(1997).
21 H. Watanabe, Phys. Rev. B 50, 13442 (1994).
22 This selection rule should be an important key issue in
many iterative methods such as DMRG. See, e.g., S. R.
White, Phys. Rev. Lett. 69, 2863 (1992); Phys. Rev. B
48, 10345 (1993); O. Legeza, J. Solyom, Phys. Rev. B 70,
5205118 (2004).
23 T. Barnes, E. Dagotto, J. Riera, E. S. Swanson, Phys. Rev.
B 47, 3196 (1993).
24 S. R. White, R. M. Noack, D. J. Scalapino, Phys. Rev.
Lett. 73, 886 (1994).
25 N. Flocke, Phys. Rev. B 56, 13673 (1997).
26 In fact the ratio Λn/δn will reach at a fixed value 0.3597 for
scheme (b) and 1.1176 for scheme (c) as n→∞, although
Λn → 0 and δn → 0.
27 M. van den Bossche, P. Azaria, P. Lecheminant, and F.
Mila, Phys. Rev. Lett. 86, 4124 (2001).
